Introduction
The exact analytic solutions in terms of special functions provided a useful tool in establishing the wave mechanics and further in exploring the basic paradigms of the new quantum theory [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . The most known of such functions are the functions of the hypergeometric class, among which the Gauss ordinary 2 1 F and Kummer confluent 1 1 F functions are the two key ones. The most of the commonly used functions of mathematical physics, such as the Legendre, Lagrange, Hermite, Jacobi, Bessel, Whittaker functions, etc., are particular specifications, modifications or special limiting cases of these two.
The list of the Schrödinger potentials for which the problem is solved using hypergeometric functions is conventionally divided into two major classes. The first set of potentials, which are referred to as exactly solvable, involves the ones for which all potential parameters are varied independently. The classical harmonic oscillator and Coulomb potentials discussed by Schrödinger [1, 2] , and the three other independent classical hypergeometric potentials by Morse [3] , Eckart [4] and Pöschl-Teller [5] as well as many particular cases of these potentials [6] [7] [8] [9] [10] are well known examples of this type. The list of independent exactly solvable potentials has recently been notably extended to include three more potentials: the third ordinary hypergeometric [11] , and the inverse square root [12] and Lambert-W [13, 14] confluent hypergeometric potentials.
The second set of hypergeometric potentials involves the ones for which some restrictions are imposed on the potential parameters (e.g., a parameter is fixed to a constant).
These potentials are referred to as conditionally integrable. Among well known examples of this type, much discussed in the past, are the two confluent hypergeometric potentials by
Stillinger [15] and the ordinary hypergeometric potential by Dutt et al. [16] (several other examples are presented in [17] [18] [19] [20] ).
The classical exactly solvable hypergeometric potentials [1] [2] [3] [4] [5] and their conditionally integrable extensions [15] [16] [17] [18] [19] [20] [11] [12] [13] [14] as well as many new conditionally integrable potentials proposed during the past few years (see, e.g., [12, 13, [22] [23] [24] [25] [26] ). A basic argument supporting the irreducible multi-term solutions involving two or more special functions comes up if one considers piecewise potentials for which each piece is solvable through the single-term ansatz [27] [28] [29] . Indeed, in order to match the solutions for adjacent intervals one needs to implicate the general solutions of the differential equations which for the second order equations (as the Schrödinger equation is) are linear combinations of two independent fundamental solutions. It is then immediately understood that even though each fundamental solution itself involves just one special function, the resulting solution will be of multi-term structure with more than one special function involved [29] .
In this paper we present a new conditionally integrable potential of this type. This is a sub-potential of a six-parameter bi-confluent Heun potential by Lemieux and Bose [30] (see also [21] 
The potential and the general solution
The 1D stationary Schrödinger equation for the wave-function ( ) x  of a quantum particle in the field described by a potential ( ) V x is written as
where m is the mass and E is the energy of the particle, and  is Planck's constant. The conditionally integrable confluent hypergeometric potential we introduce is
The potential belongs to the bi-confluent Heun family for which 1 1/ 2 m   (see [21, 25] For positive 1 V , the potential presents an infinitely extended well shown in Fig. 1 . The potential can be applied to model the sub-nuclear interactions in particle physics by a confining fraction-power central potential 2/3 r [32] . It can also be applied in atomic, molecular and optical physics to describe the laser excitation of a two-state quantum system by a corresponding field configuration. Though straightforward and merely technical, the calculation is slightly cumbersome.
However, the result, which can be verified by direct substitution, is rather compact. It is as follows. If 1 0 V  and 0 E V  , a fundamental solution of the Schrödinger equation (1) for potential (2) is written as
where 
The second independent solution is constructed by changing     , a a   in equations (3), (4) . Hence, the general solution of the problem is written as a linear combination, with arbitrary constant coefficients 1, 2 C , of the two fundamental solutions:
Using the representation [35]   
the solution can alternatively be written in terms of the Kummer confluent functions.
Bound states
As it was already mentioned above, for positive 1 0 V  the potential presents an infinite confining well, hence, it sustains infinitely many bound states. We note that the polynomial reductions of solution (6) , which are achieved for half-integer a , do not produce physically acceptable bound sates because they do not vanish in the origin. By requiring the wave function to vanish in the origin we obtain a relation for coefficients 1,2 C :
The equation for bound-state energy levels is then obtained by requiring the wave function to vanish at the infinity. After some simplifications, this yields the exact equation
By its structure, this equation has much in common with that for the inverse-square-root potential [12] . Therefore, following the lines of the treatment there, we apply the identity
to rewrite the spectrum equation in the following equivalent form:
Now, we observe that the involved Hermite functions have such indexes and arguments that are close to the left transient point 2 z    [37] . An appropriate approximation suitable for this region was suggested in [38] . Using that, we obtain the following approximation:
where
This is a rather accurate result that well models the auxiliary function ( ) F a in the whole permissible variation range of the parameter a (see Fig. 2 , where the exact numerical values are shown by filled circles).
It then follows from this result that the spectrum equation 0 F  is with high accuracy approximated by the transcendental equation Fig. 2 . Solid curves -approximation (11), filled circles -numerical result.
Even without appealing to analytical calculations, it is understood that the first term of this equation is small. To see this, we note that the roots of the spectrum equation (10) are close to positive half-integers (see Fig.2 ). The smallest root 0 1/ 2 a  of the exact equation (9) (not shown in the Fig.2 ) does not produce a bound state because it leads to an identically zero wave function ( ) 0 x   . The first root that works is 3 / 2  . The corresponding bound state is given by a wave function having one extremum, hence, this is the ground state to which we prescribe the number 1 n  . Thus, 1.5 n a  and the first term of equation (13) is small enough to be neglected in the first approximation. We then obtain 1/ 3 n a n   , which provides, through the second equation (5), the semiclassical limit for large n   :
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This is a rather advanced approximation. For the ground state, the relative error is 4 1.5 10    (Fig. 4) . Compared with the semiclassical result, for the first levels we have two orders of magnitude improvement in the accuracy. Fig. 5 depicts the first three normalized wave functions. 
An application to nonlinear dynamics
As it was mentioned above, the potential we introduced can be applied in atomic, molecular and optical physics to describe the excitation of a two-state quantum system by a corresponding laser-field configuration. Here is an example from the theory of photoassociation of ultracold atoms in Bose-condensates [40] .
The semi-classical time-dependent two-state problem governing the one-color coherent photo-association of atoms is written as a system of first-order nonlinear differential equations for probability amplitudes 1 ( ) a t and 2 ( ) a t of atomic and molecular states [40] : (15) is equivalent to the second-order ordinary differential equation
It has been previously shown that a highly accurate approximation for the molecular state probability 2 2 ( ) p t a  can be constructed via the following two-term variational ansatz [41] :
where 0 p is the solution of the polynomial equation 
reduces the linear problem, rewritten for the variable z , to the following normal form with missed first-derivative term: . Driving optical field configuration.
one is led to the following cubic polynomial equation for the final transition probability
where 0 a is a fitting constant. The appropriate root of this equation is presented in Fig.7 by filled circles. For large field intensities, a simple approximation for this root reads
This is an advanced approximation for The potential belongs to a remarkable six-parameter bi-confluent Heun family derived by Lemieux and Bose [30] . In its general form the family involves four power-law terms proportional to which the fundamental solution is written using a single Hermite function, was afterwards discussed by de Souza Dutra, Znojil, Grosche and others in the context of the concept of conditional solvability (see, e.g., [43] [44] [45] ). It has been shown that the energy spectrum derived through polynomial reductions do not provide physically permissible wave functions because these solutions do not vanish in the origin [44, 45] .
Another example of a confluent hypergeometric sub-potential of the mentioned biconfluent Lemieux-Bose family worth being mentioned here is the second Exton potential Of course, the above examples by no means discredit the very idea of polynomial solutions. Indeed, the mentioned Lemieux-Bose potential as well as many other (multi) confluent or general Heun potentials do allow polynomial reductions which provide physically correct useful solutions. Such solutions have been applied, e.g., in the context of quasi-exactly solvability [46, 47] or as possible interaction models in particle physics, quantum chemistry, atomic and laser physics, nanophysics, etc. [48] [49] [50] [51] [52] . The above examples, including the potential that we have just introduced, merely indicate the need to carefully examine the infinite series solutions as well.
